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Abstract
In this paper, we model exchange of energy between electrons in solids and the phonon bath
as electron-phonon collisions. Phonons are modelled as packets which create a lattice defor-
mation potential of which electrons scatter. We show how these collisions exchange energy
between electrons and phonons, leading to Fermi-Dirac distribution for electrons. Using these
collisions, we derive the temperature dependence of resistivity of metals and the Bloch’s T
and T 5 law for high and low temperature regime respectively. Unlike standard derivations
of T dependence of high temperature resistivity, our derivation rests fundamentally on the
temperature dependence of the scattering angle.
1 Introduction
Consider phonons in a crystalline solids. We first develop the concept of a phonon packet.
To fix ideas, we start with the case of one-dimensional lattice potential. Consider a periodic
potential with period a.
U(x) =
n∑
l=1
V (x− al) =
∑
V (x− la).
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1
where
V (x) = V0 cos
2(
πx
a
),
−a
2
≤ x ≤ a
2
(1)
= 0 |x| ≥ a
2
. (2)
The potential is shown below in Fig. 1.
V
0
a
Figure 1: Figure depicts the periodic potential in Eq. (1).
Now consider how potential changes when we perturb the lattice sites from their equilib-
rium position, due to lattice vibrations.
∆U(x) =
∑
V ′(x− al)∆al.
For a phonon mode with wavenumber k,
∆al = Ak
1√
n
exp(ikal), (3)
we have
∆U(x) = Ak exp(ikx)
1√
n
∑
V ′(x− al) exp(−ik(x − al))︸ ︷︷ ︸
p(x)
,
= Ak exp(ikx)
1√
n
∑
V ′(x− la) exp(−ik(x− la))︸ ︷︷ ︸
p(x)
,
where p(x) is periodic with period a. Note
2
V ′(x) = −V0 2π
a
sin(
2πx
a
),
−a
2
≤ x ≤ a
2
= 0 |x| ≥ a
2
.
Using Fourier series, we can write
p(x) = a0 +
∑
r
ar exp(i
2πrx
a
).
We can determine a0 by a0 =
1
a
∫ a
2
− a
2
p(x)dx, giving,
a0 = i
V0
a
∫ a
2
− a
2
2π
a
sin(
2πx
a
) sin(kx),
where k = 2pim
na
. Then,
a0 = i
V (0)
a
∫ a
2
− a
2
2π
a
sin(
2πx
a
) sin(kx) = i
V (0)
2a
∫ a
2
− a
2
2π
a
(cos(
2πqx
a
)− cos(2πq
′x
a
)),
where q = 1− m
n
and q′ = 1 + m
n
. We then get
a0 = i
V (0)
2a
∫ pi
−pi
(cos(qy)− cos(q′y))dy.
a0 = i
2V (0)
a
1
1− (m
n
)2
sin
mπ
n
.
We donot worry much about ar for r 6= 0 as these excite an electron to a different band
and are truncated by the band-gap energy. Now note, using equipartition of energy, there is
kBT energy per phonon mode, giving
Ak =
√
kBT
m
1
ωk
=
√
kBT
m
1
ωd sin(
pim
n
)
, (4)
where ωd is the Debye frequency.
Then we get
∆U(x) =
i√
n
(
2V (0)
a
√
kBT
m
1
ωd
)︸ ︷︷ ︸
V¯0
exp(ikx). (5)
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At temperature of T = 300 K and ωd = 10
13 rad/s, we have√
kBT
m
1
ωd
∼ .3A◦ , with a = 3A◦, we have,
∆U ∼ i√
n
.1V0 exp(ikx),
with V0 = 10V , we have
∆U ∼ i√
n
exp(ikx) V,
We considered one phonon mode. Now consider a phonon wavepacket (which can also
be thought of as a mode, localized in space) which takes the form
∆al =
1
n
∑
k
Ak exp(ikal),
where k = m∆ and ∆ = 2pi
na
, and Ak as in Eq. (4). Then the resulting deformation potential
from Eq. (5) by summing over all phonon modes that build a packet, becomes
∆U ∼ V¯0
sin2(pix
2a
)
(pix
2a
)
. (6)
This deformation potential due to phonon wavepacket is shown below in figure 2. The
maximum value of the potential is around V¯0√
2
.
V
0
2
Figure 2: Figure depicts the deformation potential in Eq. (6).
.
4
2 Electron Phonon Collisions
Of course phonons have a time dynamics given by their dispersion relation.
∆al(t) =
1
n
∑
k>0
(Ak exp(ikal) exp(−iωkt) + h.c). (7)
With the phonon dispersion relation ωk ∼ υk , where υ is the velocity of sound, we get
∆U ∼ V¯0
sin2(pi(x−υt)
2a
)
(pi(x−υt)
2a
)
. (8)
The deformation potential travels with velocity of sound and collides with a incoming
electron. To understand this collision, consider a phonon packet as in Eq. (6) centered at
origin. The packet is like a potential hill. A electron comes along say at velocity vg. If the
velocity is high enough (kinetic energy 1
2
mv2g >
eV¯0√
2
) to climb the hill, it will go past the
phonon as in (b) in Fig. 3, else it will slide back, rebound of the hill, and go back at the
same velocity vg as in (a) in Fig. 3.
(a) (b)
Figure 3: Figure depicts how an incoming electron goes past the deformation potential (b),
if its velocity is sufficient, else it slides back and rebounds as in (a).
.
In above, we assumed phonon packet is stationary, however it moves with velocity υ.
Now consider two scenarios. In first one, the electron and phonon are moving in opposite
direction and collide. This is shown in figure 4.
In phonon frame the electron travels towards it with velocity vg + υ. If the velocity is
high enough (kinetic energy 1
2
m(vg+υ)
2 > eV¯0√
2
) to climb the hill, it with go past the phonon
with velocity vg + υ (the resulting electron velocity in lab frame is just vg). Otherwise, it
slides back and rebounds and goes back with velocity vg + υ (the velocity in lab frame is
vg + 2υ). Therefore electron has gained energy and by conservation of energy the phonon
has lost energy, lowering its temperature.
5
Figure 4: Figure depicts how a electron and phonon travelling towards each other collide.
.
In second case, electron and phonon are travelling in same direction. This is shown in
figure 5. In frame of phonon, electron travels towards the phonon with velocity vg − υ. If
the velocity is high enough (kinetic energy 1
2
m(vg − υ)2 > eV¯0√2 ) to climb the hill it with go
past the phonon with velocity vg − υ. The velocity in lab frame is vg. Otherwise, it slides
back and rebounds and goes back with velocity vg − υ. Then the velocity in lab frame is
vg − 2υ. Therefore electron has lost energy and by conservation of energy the phonon has
gained energy, raising its temperature.
Thus we have shown that electron and phonon can exchange energy due to collisions.
Now everything is true as in statistical mechanics and we can go on to derive Fermi-Dirac
distribution for the electrons [1, 2, 3, 4, 5, 6].
Figure 5: Figure depicts how a electron and phonon travelling in same direction collide.
.
All our analysis has been in one dimension. In two or three dimensions the phonon
packets are phonon tides (as in ocean tides). Lets fix ideas with two dimensions, three
dimensions follow directly. Consider a two dimensional periodic potential with period a.
U(x, y) =
∑
lm
V (x− al, y − am) =
∑
lm
V (x− la, y −ma).
6
V (x, y) = V0 cos
2(
πx
a
) cos2(
πy
a
),
−a
2
≤ x, y ≤ a
2
(9)
= 0 |x|, |y| ≥ a
2
. (10)
Now consider how potential changes when we perturb the lattice sites from their equilib-
rium position, due to lattice vibrations.
∆U(x, y) =
∑
lm
Vx(x− al, y − am)∆al + Vy(x− al, y − am)∆am.
Lets consider phonons propagating along x direction. Then ∆al constitutes longitudinal
phonons while ∆am constitutes transverse phonons. Transverse phonons donot contribute to
deformation potential as can be seen in the following. Lets focus on the transverse phonons.
Then
∆am = Ak
1√
n
exp(ikxal) (11)
We have due to ∆am
∆U(x, y) = Ak exp(ikxx)
1√
n
∑
Vy(x− al, y − am) exp(−ik(x − al))︸ ︷︷ ︸
p(x,y)
,
where p(x, y) is periodic with period a.
Note
Vy(x, y) = −V0 2π
a
sin(
2πy
a
) cos(
πx
a
)2,
−a
2
≤ x, y ≤ a
2
= 0 |x|, |y| ≥ a
2
.
Using Fourier series, we can write
p(x, y) = a0 +
∑
r,s
ars exp(i(
2πrx
a
+
2πsy
a
).
We can determine a0 by a0 =
1
a2
∫ a
2
− a
2
∫ a
2
− a
2
p(x, y)dxdy, giving a0 = 0. Hence transverse
phonons donot contribute. The contribution of longitudinal phonons is same as in 1-D case.
As before consider a wavepacket of longitudinal phonons propagating along x direction,
7
∆al =
1
n
∑
k
Ak exp(ikal),
which gives us a deformation potential as before
∆U(x, y) ∼ V¯0
sin2(pi(x−υt)
2a
)
(pi(x−υt)
2a
)
, (12)
which is same along y direction and travels with velocity υ along the x direction except now
the potential is like a tide in a ocean, as shown below in the figure 6.
x
y
Figure 6: Figure depicts the deformation potential tide as shown in Eq. (12).
.
Since deformation potential is a tide, electron phonon collisions donot have to be head
on, they can happen at oblique angles, as shown below in the figure 7 in a top view (looking
down). The velocity of electron parallel to tide remains unchanged while velocity perpen-
dicular to tide gets reflected. If the perpendicular velocity is large enough the electron can
jump over the tide and continue as shown by dotted line in figure 7. Imagining the tide in
three dimensions is straightforward. In three dimensions, the deformation potential takes
the form a wind gust moving in say x direction.
8
θθ
Figure 7: Figure shows top view collision of a electron with a deformation potential tide at
an angle θ.
.
3 Temperature dependence of resistivity and Bloch’s
T 5 law
Consider the electron moving at Fermi velocity υF . It will scatter of the tide if
1
2
mυ2F sin
2 θ <
eV¯0√
2
,
where θ is as in figure 7.
Then the largest angle θ0 for which scattering takes place is
1
2
mυ2f sin
2 θ0 =
eV¯0√
2
. Then we
find
sin2 θ0 ∝ V¯0 ∝
√
kBT . (13)
The collision changes the forward velocity of the electron by a factor of 1 − cos 2θ. We
can count the number of phonon modes that have θ < θ0. They are ∝
∫ θ0
0
2πR3 sin θdθ and
are shown below on k sphere (in shaded), with radius R = pi
a
. Then the rate of electron
forward scattering is
∝
∫ θ0
0
(1− cos 2θ)2πR3 sin θdθ ∝ θ40. (14)
But from 13, we have θ20 ∝
√
kBT , which gives that forward scattering rate and hence
resistivity is ∝ kBT . In deriving this temperature dependence we have assumed that all
9
θ0
R
Figure 8: Figure shows all the phonon modes (in shaded) on k sphere with θ < θ0.
.
phonons in the k sphere are excited. This is the high temperature limit. Recall a phonon
mode k is excited if ~ωk ∼ kBT . Thus in the limit that T ≫ Θd, the Debye temperature
(kBΘd = ~ωd), we have all phonons excited and we have scattering rate ∝ kBT .
The other limit is the low temperature limit, T ≪ Θd, not all phonons are excited.
Phonons with wavenumber k ≤ k0 = 2pim0na , where ~ωk0 ∼ kBT are excited. Then k0 ∝ ωk0 ∝
kBT . The phonon packet now has the form
1√
nm0
∑
k<k0
Ak exp(ikal) (so that it has energy
kBT ), with amplitude of the wavepacket ∝ kBT instead of
√
kBT , because of k0 dependence.
Thus V¯0 in Eq. (13) is ∝ kBT . Furthermore R in Eq. (14) and figure 8, is ∝ k0 ∝ kBT .
Thus the scattering rate (hence resistivity) which goes as ∝ R3θ4 is ∝ T 5. This is the famous
Bloch-Gru¨neisen T 5 law [2, 7].
In our treatment of electron-phonon scattering, we have worked with very specific lattice
potential functions. This has made calculations very concrete, in particular form of defor-
mation potential. However there is genericity about our choice and the qualitative picture
of the collisions remains the same working with general periodic potentials.
In this our treatment of electron-phonon scattering, we have treated phonons as a defor-
mation potential and electron wavepackets as classical particles, which scatter of the potential
by Newton laws. One can justify all this more rigorously by looking at electron wavepacket
dynamics quantum mechanically . We conclude this paper by explicitly going through this
exercise.
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4 Electron Wavepackets
4.1 Free Electrons
The free electron wavefunction is ψ = exp(ikx). The momentum is ~
i
∂
∂x
. This gives the
kinetic energy ǫ = p
2
2m
= ~
2k2
2m
, which for ǫ = ~ω gives,
ω(k) =
~k2
2m
. (15)
The dispersion is a parabola as shown below in figure 9 A.
k0 k
B
ω(k)
A
φ
x
(x)
Figure 9: Figure A shows the dispersion ω(k) vs k for a free electron. Figure B shows a
wavepacket centered at k0.
Now, consider a wavepacket centered at k0 shown the figure 9 A, B. The packet takes the
form
φ(x) =
1√
N
∑
j
exp(ikjx), φ(x, t) =
1√
N
∑
j
exp(−iω(kj)t) exp(ikjx), (16)
where ω(kj) = ω(k0) + ω
′(k0)∆kj where ∆kj = kj − k0. Denote vg = ω′(k0) = ~k0m , as the
group velocity. Then
φ(x, t) =
1√
N
exp(i(k0x− ω(k0)t))
∑
j
exp(i∆kj(x− vgt)). (17)
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The function f(x) = 1√
N
∑
j exp(i∆kjx) =
2√
N
∑
j cos(∆kjx), is centered at origin with
width ∝ (∆k)−1 as shown in figure 9 B. Then
|φ(x, t)| = |f(x− vgt)|, (18)
the wavepacket moves with a group velocity vg.
Now lets apply an electrical field E in the x direction. The Schro¨dinger equation is
i~
∂χ
∂t
= (
1
2m
(
~
i
∂
∂x
)2 + eEx)χ. (19)
Lets make change of cordinates
ψ(x, t) = exp(−ieA(t)
~
x)χ(x, t). (20)
where A(t) = −Et. We say we work in the gauge,
E = −∂A
∂t
.
The Schro¨edinger equation is then
i~
∂ψ
∂t
=
1
2m
(
~
i
∂
∂x
− eEt)2ψ. (21)
Then for the wavefunction ψ = exp(ikx), we have ǫt(k) =
~
2(k− eEt
~
)2
2m
, and the dispersion
ωt(k) =
~(k− eEt
~
)2
2m
. The group velocity
vg(t) =
~(k − eEt
~
)
m
;
dvg(t)
dt
= −eE
m
.
The electron wavepacket simply accelerates the way we know from classical mechanics.
Being more pedagogical, we have
φ(x, t) =
1√
N
∑
j
exp(−i
∫ t
0
ωt(kj)) exp(ikjx)
=
1√
N
exp(−i
∫ t
0
ωt(k0)) exp(k0x)
∑
j
exp(i∆kj(x−
∫ t
0
vg(σ)dσ)). (22)
The wavepacket evolves with instantaneous velocity vg(t).
The method of using a gauge to capture the electric field can be generalized to arbitrary
potential. Consider the Schro¨edinger equation
12
i~
∂ψ
∂t
= (− ~
2
2m
∂
∂x2
− eV (x))ψ. (23)
We approximate the potential V by piecewise linear potential such that V (x) = V (xi) +
V ′(xi)δx, where δx = x − xi, as shown in figure 10. We call these regions of linearized
potential, cells. We can rewrite the potential in a cell as V (x) = Ui + V
′(xi)x
x
i
V(x)
φ (x)
X
Figure 10: Figure shows linear approximation of potential V (x). The wavepacket φ(x) is
confined to a cell.
We assume that the wavepacket has large k0 such that ∆k ∼
√
k0 is large and therefore
for the wavepacket, ∆x ∼ (∆k)−1 is small so that it fits well within one cell. Then in this
cell, the Schro¨edinger equation takes the form
i~
∂ψ
∂t
= (− ~
2
2m
∂
∂x2
− eV ′(xi)x− eUi)ψ. (24)
Since the wavepacket is confined to a cell, it evolution would be same if the potential we
have was not only true in the cell but globally true. This is because the wavepacket doesn’t
know what the potential is outside the cell, its confined to the cell. Then lets solve the
Schro¨edinger equation with this potential assumed globally true and see how wavepacket
evolves. We again put the electric field E(x) = −V ′(xi) as a gauge and write
V ′(xi) =
∂A
∂t
, A(t) = A(t0) + V
′(xi)(t− t0). (25)
Schro¨edinger equation becomes,
i~
∂ψ
∂t
= ((
~
i
∂
∂x
+ eA(t))2 − eUi)ψ. (26)
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Then as before for the wavefunction ψ = exp(ikx), we have ǫt(k) =
~2(k+ eA(t)
~
)2
2m
−eUi, and
the dispersion ωt(k) =
~(k+
eA(t)
~
)2
2m
− eUi
~
. The group velocity
vg(t) =
~(k + eA(t)
~
)
m
;
dvg(t)
dt
=
eV ′(xi)
m
. (27)
This is classical mechanics. Therefore at high energies where k0 is large and wavepacket
is well confined, i.e., over the packet width, the second order change of potential is small,
V ′′(x)∆x≪ V ′(x). A linearized potential is a good approximation and evolution in quantum
mechanics mimics classical mechanics.
We largely talked about free electrons, in a periodic potential we modify the free electron
wavefunction exp(ikx) to exp(ikx)p(x), where p(x) is periodic part of the Bloch electron’s
wavefunction. Wavepackets are constructed out of the exp(ikx) part and everything carries
over [8].
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